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INTRODUCTION 


The subject of this paper was suggested by Assistant Pro- 
fessor ©. &. Garland of the Mechanical Engineering Department 
of the University of California, It is an outgrowth of a grad- 
vate course in the dynamics of machinery presented at the Uni- 
versity. 

Any machine having a rotor is usually considered to be, 
in some degree, unbalanced. Therefore there will be a speed 
(or speeds) at which resonance will occur duo to the frequency 
of the periodia foree of the unbalanced rota coinciding with 
the natural frequencies of the system concerned. Such speeds 
are termed resonant or critical speeds. The mountings of most 
machines are flexible in some measure. Even if the immediate 
foundation be considered absolutely rigid either the building 
or the ground upon which it reats may possesa flexibility. 

In most cases this flexibility is not sufficient to appreciably 
affect the critical speed of the machine. There are cases, how- 
ever, in which the mountings are relatively quite flexible for 

inatance a diesel engine placed in a submarine. 

{It is possible that the flexible mounting would be a 
source of trouble. But it ia also both conceivable and possible 
that the resulting phenomenon be put to advantageous use. Thus 
in one case a turbine was found to be operating very near its 
critical speed, The eritical speed was then changed to a value 
removed from the proximity of the operating speed by making the 


supporting structure more elastic. 
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Stodola (reference 3) mentions the possibility of the reso- 
nance of a rotor and its foundetion. He concludes that the "sym- 
pathetie vibrations" will not lead to violent vibrations. Hort 
(reference 5) considers the problem in relation to the transfer 
of the machine vibrations to the foundations. He shows that at 
resonant speeds a large amount of energy is absorbed by the vib- 
rating foundation. neagers (reference 6) gives equations for the 
amplitude of vibration of such a system in a general discussion 
of factors affecting critical speeds. Timoshenke (reference 2) 
considers the critical speeds of a machine somewhat aimilar to 
that. taken up in this article. 

In eonducting the investigation for this paper amplitudes 
of vibration of an unbalanced rotor on a flexible mounting were 
measured at various epeeda. Then the amplitudes of vibration were 
egoin measured over the same range of speeds with the mounting 
mode rigid. Curves of the amplitude versus speed were plotted. 
This procedure was repeated for various values of the maas of the 
rotor and of the elastic constant of the mounting. At certain 
well defined speeds the amplitudes were found to be quite large. 
These particular speeds are the "resonant speeds" on which this 
etudy is focused. | 

Theoretical equations were then derived for the amplitude of 
vibration of the rotor by considering the apvaratus as a coupled 
two body system with two degrees of freedom excited by the centri- 
fugal foree of the unbalanced rotor. The effect of friction was 
neglected. The expression for the resonant speeds was obtained 


from the equation for the amplitude of vibration. A dimensionleas 
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quantity was obtained by dividing these resonant speeds by the 
expression for the critical speed of the rotor when the mounting 
is rigid. Curves were plotted from the expression thus obtained 
using as a variable the ratio of the masse of the rotor to the 
mass of the part of the supporting structure that vibrates and 
using as a parameter the ratio of the elastic constant of the 
mounting to the elastic constant of the rotor. The derivations 
of all expressions used are presented under the heading "Deriva- 
tion Cf Equations", 

fhe experimental and theoretical results are shown on curve 
sheete 1 and 2. The problem of this paper is considered in the 
various references as before mentioned, Sut in no reference that 
was consulted is there any consideration of a comparison of the 


experimental and theoretical results. 


The flexibility of tne mounting of the apparatus used for 
experimentation could be varied in the verticsi olsane only. 
Therefore this paper is limited to consideration of vibretions 


in the vertiecsl plane. 









OF Te heme Sheumaey mmadt grrWinth WH MUOZRE Abd Wiser 
ee ee ee el ete 
emlatle nets enigewerns ocr TT ByLPEL: WN sured oLAH of 
ee eee ee ee 
fe Meets Asks oaruet) patrteweus tt VE fey & 3 
ee Ve Pnatyere tlsente WE Ww eldes vel meme & 
eee tie) RY CW ye ary WS TekTane orice bet 
6 cmp tm dgraaciay ye omalag +s 
ae, le Nana eer geen esac he Steen 
_ (mae eS eek terme 24 Geter nine te mei oot Ue bee 
Me WOR reed 68 B! POR Aeced ous Her Oe esemace ty Be 
SPENT Ss eaineisans On veller bi rae 
eT lee) amiowiwost had 


ah De babies Pus > aliens ot © aththitert am 
tame ede eeiriey av at Mote 64 bere leo 
wrclipall> % ee idee mee of meee) 80 eeat atl) oe 
sehen eee tl al, 

























CONCLUSIONS 

(1) An unbalanced rotor on an elastic shaft carried by an 
elastic mounting has two resonant (critical) speeds. Both of 
these speeds are different from the one critical speed of the same 
roter on a rigid mounting. 

(2) Of the two eritical speeds of a rotor with an elastic 
mounting one ia above and one below the critical speed of the 
pane rotor with a rigid mounting. 

(3) The two critical speeds of a rotor with elastic mount- 
ing correspond to the two natural frequencies of an elastically 
coupled two mass system. 

(4) for each of the two critical speeds the ratio of eritical 
speed with flexible mounting to the critieal speed with rigid 
mounting increases with increase of the ratio of the mass of the 
roter to the masa of the base. (See curve sheets 1 and 2.) 

(S) For each of the critical speeds the ratio of eritical 
speed with flexible mounting to the eritical speed with rigid 
mounting increases with increase in the ratio of the elastic con- 
atant of the flexible mounting to the elastic constant of the 
rotor. (See curve sheets 1 and 2.) 

(6) The effect of damping on the numerical value of the 
eritical speeds was very slight in the equipment used for 


experimentation. 
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The following description refers to figures 1 and 2. 

In assemblying the apparatus a concrete foundation A, 26 
inches high, vas cast. imbedded in the foundation and extending 
18 inches above it are eix l-inch bolte B. Between the rowg of 
bolts a 3/8-ineh steel plate was placed end leveled. Two $-ineh 
ateel bars D and fF, 5 inches wide and 72 inches long, and spaced 
by a 30-inch length of 12-inch I beam were clamped to the found- 
ation by means of the chennel sections H, the plate G and the 
bolts 3. Thus the bars D and F act as cantilever springs and 
supply flexibility to the mounting. The length of the sorings 
can be varied by sliding them relative to the foundation after 
releasing the pressure on them/ 

A verticel member J is attached to the free ands of the 
springa D and Ff by means of conieal pivots Kk. The bese M is 
secured to the top of the vertical plece J and is brnaeed by 
bars of «-inch angle iron N. The dbase is made of two se¢tions 
of 2-ineh angle tron joined together with webs of 1/8-ineh 
Plate welded in place. A $-inch slot extending the length of 
the base provides an anchorage for the bolts which hold the 
motor and bearing pedestals in place. 

The ‘-horsepower motor O is D.C. shunt wound end has a 
rated speed of 1750 r.pem. The sheft of the motor is connected 
to the shaft carrying the rotor by a short section of b-ineh 
rubber tubing. This provides ea satisfactory flexible coupling. 


The shaft Q@ is of cold rolled steel, 7/16 of an ineh in 
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Elastic Mounting 
Figure 1 





Apparatus Completely Assembled 
Figure 2 





diameter. It is aupported by two self-aligning ball bearings 
which are 28 3/8 inches between centers. The bearings are sup- 
ported in pedestals F. 

The rotor S mounted at the center of the sheft is made up 
of suitable end pleces and a variable number of annular bragse 
Gisos. The end pieces are 4 inches in diameter and have four 
b-inch holes ecually spaced at a radius of 14 inechee from the 
eenter. Set serews in the collars of the end pisees secure the 
rotor to the shaft. The bress dises of the rotor are 4 inches 
in élameter with a section 2 inches in diemeter removed and with 
four *+-ineh holes placed the eame as in the end pleces. The discs 
ene end pieces sre held together by means cf bolts throuch the 
4-inch holes. Thus the several dieses form a hollow rotor. This 
reduces the restraint on the bending of the shaft. In order to 
make the rotor unbalanced only three bolts are used to hold it 
Lozether. 

A 50-ohm rheogstat is used in the armature eirecult to con- 
trol the sneed of the motor. 

A "Strobotac", manufectured by the General Radio Company, 
is used for measuring speeds of the rotor. A hand techometer was 
used on preliminary runs. It wae disearded when it wee found that 
the speed of the rotor chenged 20 or more r.p.m. when the tacho- 
meter wee applied to the end of the shaft. 

A étal gusagre is used to measure defleetions of the base. It 
is placed at the free end of the lower cantilever spring D ané 


held in vosition by a stan@ which is made fast to the floor, 
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When it ia desired to secure the mounting rigidiy a eostion 
of 4-inech channel beam bent at right angles is bolted to the bottom 
ef the vertical pleee J and to a fitting Iu the floor. This gives 
a practically non-flexible mounting. No motion of the springs is 
dilacernible. There is, however, very siight flexibility in the base 
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The elastic constant of the mounting was varied by changing 
the length of the flat bare that serve as springs. The massa of 
the rotor was varied by changing the number of brass diauvs used, 

Fer each change of either spring constant of the mounting or 
of er ef the rotor the Pollowing procedure was carried out. At 
various speeds from 100 to 1500 r.p.m. the amplitudes of vibration 
of the mounting and of the rotor were measured and recorded. Hach 
of these runs was made with both increasing and decreasing values 
of apeed. The intervals of speed at which readings were made de- 
pended on tke proximity of the critical speed. At the critical 
speeds several checks of the speed and amplitude were made to in- 
gure greater accuracy. 

Then with the base made rigid the speeda and amplitudes of 
vibration were measured and recorded with both inereasing and de- 
creasing values of speed. 

& cathetometer was used to measure the amplitude of the 
retor. The instrument used had a least count of .0001 foot. Be- 
fore starting a run a zero position was fixed by sighting the 
cathetometer at the topmost point on the rotor and then slowly 
rotating the rotor to eheck its position. Then at any desired 
speed the highest point of the rotor during vibration was sichted 
with the cathetometer. The difference between the two readings 
was recorded as the amplitude of vibration. 

In obtaining the deflections of the base a dial guage with 
a least count of .OCi inch was placed at the outer ond of the 
lower spring. Thus at any speed the total movement of the base 


was read on the indicator, 
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Speeds of revolution of the rotor were measured with a 
"“strobotac". This instrument waa calibrated and kept regulated 
to read correctly. 

The method used to determine the elastic constant of the 
shaft will be explained with the aid of figure 3. A loop of 
fine wire A was hung from the middle of the shaft. Various 
known weights were attacheé to the wire at E. Then the dial 
guage C placed at the middle of the shaft indicated the de- 
flections caused by the weights. From the values obtained a 
curve of deflection versus applied weight was plotted. ihen 
from thia plot the elastic conatent of the shaft was readily 
computed. Points on the curve were checked by rotating the 
shaft to different poaitions for each change of the weights. 

See curve sheet 3.) 

The elastic constant of the mounting was determined by 
a somewhat similar method. Figure 4 shows the apparatus weed. 
A acrew jack A was placed on the platform of the scales 5B. 

The top of tne jack was made to exert force on the bottom of 
the vertiosl piece ¢C whieh is attached to the cantilever 
aprings D. Then as force was increased by extending the jack 

it was measured by the seales. The defleetion of the springs 
was indicated by the dial guage &. This guege was held on stand 
*? whieh was secured to the floor. Valueg obtained by this 
mothod were checked by deflecting the springs in the opposite 
direction with Known weights placed on top of vertical piece C,. 


Then a curve was plotted with defleetion versus applied force 
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Apparatue For Determining The Eleatic Constant Cr The Shaft 
Figure 3 





Apparatus For Determining The Zlastie Constant Of The Mounting 
Pigure 
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ase coordinetese. From this curve the elaatic conatant of the 
mounting was eomputed. This procecure was repeated for each 


length of cantilever springs used. (See curve sheet 4), 
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in makine the derivation of the theoretical equations 
for the naturel frequencies of the system under consideration 
the following conditions were considered to hold: 

(1) fhe shaft end the cantilever sporines are of uniform 
cross-section and homoreneous material. 

(2) The shaft and the cantilever springs sbey Hoolke's law 
throughout the range over which they are deflected. 

(3) In computing frequencies the effect of the distributed 
mass of the sheft may be accounted for by considering 17/35 of 
its amount to be concentrated at its middle with the rotor. 
This assumea a static deflection curve. (Reference 2, page 85.) 

(4) In computing frequencies the effect of the distributed 
mass of the cantilever springs may be accounted for by consider- 
ing 23/140 of thelr amount to be concentrated at their free end. 
This assumes a static deflection curve. (Reference 2, page 36.) 

(S$) Steady state mdtion prevails for all considerations 
taken up in this paper. 

(6) Damping is negligible 

Considering the system to be compound with two derreeg of 
freedom it may be represented diagrammatically as in fizure 5, 
The following symbols, subscripts, and unites are used: 


m, = meses of rotor including proper portion of shaft-- 


1 
lbs. sees/in. 


k, ~ elastic constant of shaft--Lbs./in. 


Vy - Glaplacement of the roter--inches 
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Used in Making the Mathematical Analysis 


Figure 5 
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a, ~- amplitude of vibration of rotor--inches 


1 


2 
aprings--lbs. secs/in. 


m. - mass of base including proper portion of cantilever 


k, ~ elastic constant of the mounting--lbs./in. 
7.” displacement of base--inches | 
a, ~ amplitude of vibration of base--inches 
e = distance between geometrical center of rotor and its 
center of gravity--inches 
W - frequency of the exciting force--radians/sec. 
m, ew sin » = exciting force due to unbalanced rotor 
Then considering the solution for the amplitudes of vibra- 
tion for the steady state, fhe following force equations may be 


written for the two masses; 


“k, 'y,-¥) m,ew'sinet = m5Y} (1) 
Ky(¥y-Yo) — Ke¥n = = MWg (2) 
Assume as solutions: | 
yi = a, sinut Yo= aosinut 
then 
¥4= -acf sinut Yo= “anus sinwt 
Substituting these values in equations 1 and 2, 
~k, a, sinut + k, aosinut + m,euw'sin t= “m)a,Sein t (3) 
ka, sinut - k,a,sinuwt - k,a,sinut = ~2,8,.w sinwt (4) 
Let wt =/2, Then sinwt< 1. Substituting in equations 
3 and 4, 

“k,a, + k,a,t neu = - mau (5) 
Kia, ~ & eh a= - maw (6) 
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Traneposing, 


a, (e) - mw? ) - ak, = a, euk (5) 
“a, tan(k, - k, * aw) 2 0 (6) 


Solving for a, by means of a determinant, 


~~ 6 (lS 
o od mw) 
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“Ky (ky - Ky - mau ) 


mous (ik, - Ko ~ an ) 


a, = en IO se (7) 
(m, -m,w*) (k, - k, - mF ) . KF 
if the cenominater of the last expression ils equal to zero 
the value of a, becomes infinite, This corresponds to a reso- 
nant speed, 
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expanding and dividing through by mm, 
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Solving by the quadratic equation, 
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in order to obtain the Cimensionleen exprecsion for “Zo, 
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of equation 8 by \{k /m. Where uw.= \x /m whieh ts the critical 


t[(erréemne Vf o + Klaw - am) + xm) (9) 


speed of the rotor when the mounting is rigid. 






¥ 1 a aeeocy 


Then substitute M = m,/ m, and X = Kn/ ky» 
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DISCUSSION 

The agreement of the experimental values of resonant fre- 
quency with the computed values is very good as shown by curve 
sheets 1 and 2. The percentage difference of the experimentally 
found points from the computed curves varies from .5% to 4.5% 
with an average value of slightly less than 2%. 

The near agreement of the points and the curves is con- 
sidered as justification of the assumption that a rotor on an 
elastic shaft supported on an elastic mounting may be considered, 
in the ideal case, to de an elastically coupled two body system 
with two degrees of freedom in so far as vertical motion ig 
conoerned. 

There are several reasons for the differences between the 
experimental and theoretical values of resonent frequencies. 
Personal and instrumental errors are always likely. It was, in 
some cases, difficult to measure the exact critical speed. This 
happened when the speed at whioh the amplitude of vibration of 
the rotor was unstable. In such instances the rotor would reach 
its greatest amplitude only momentarily and then go through the 
resonant condition and settle down to smooth running at a much 
higher speed. Another poasible reason for the differences be- 
tween the experimental and theoretical values is that fricotion 
and damping were present in various parts of the apparatus. 

The bearings were self-aligning but there was some friction in 
them. Also a amall amount of pivot friction existed in the 


mounting. 
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There fa a slight error (about 12) produced in the formulas 
for evitical speeds when portions of the shaft and of the canti= | 
lever springe are considered concentrated at points in order to 
eorrect for the distributed mass of theese parts of the experi- 
mental apparatus. (See reference 2, pameS6., 

fhe rotor tends to stiffen the shaft thereby reducing its 
effective length. Also the slight bearing restraint has the 
same effect. The flexibility of the bearihg pedestals and of 
the base holding them tends to increase the effective length of 
the shaft. These two effecte have apparently, at least partially, 
offset each other since by using the actual length of the shaft 
close agreement of experimental and theoretical results wag ob- 
tained. | 

Aw noted in the derivation of equations damping was econ- 
sidered as having a negligible effect on the values of the criti- 
cal speeds. However in tne preliminery work the effect of damp- 
ing was considered and investigated at some lenzth. Den Hartoe 
(reference 4, page 107) shows that relatively large values of the 
damping coefficient nave little effect on the critical speeds. 
taé magnitudea of tne damping coefficients for the shaft and for 
the cantilever springs were optained and found to be quite small. 
These vaiues are tabulated on the data sheets. | 

In the analysis carriecé out in this paper vibrations in 
the verticai direction only are considered. Lowever it should be 
notecé that at various sepeeds the snaeft was Tourndc to vibrate with 


the createst amplitude in the horizontal plane. At still other 
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speeds the greatest amplitude of vibration was at an angle be- 
tween the vertical and the horizontal. Yhen constructing the 
laboratory apparatus it wes mace very rigid in the horizontal 
Girection. Therefore the vibrations in the horizontal plane 

are very little affected by the flexibility of the mounting. 
Thus the former case ebove is tre game as the critiesl speed 
if the mounting were rigid. The latter case represents a com- 
bination of the motion of the former case and the vertical 
motion existing when the bese is free to vibrate.(See reference 
2, page 212.) 

Curve sheets 5 to 8 inelusaive show that with the mounting 
rigid there is in each case a point in the nelighbdoorhood of 450 
r.p.m. where the amplitude of the rotor increases. The actual 
inerease ia slight, varying from 1/100 to 1/30 of an inch, ané 
hence would be of Little practical importanse. A possible explan- 
ation for this increase in amplitude is found in reference 3, 
article 19b in which the author, Gtodola, discusees the effects 
of the weight of the rotor, variable elasticity of the shaft, 
and variable driving lapuise. Any or all of these effects are 
applicabie to the apparatus used for test. “Moreover in the same 
article stodola mentions a sltuation practically the same as 
that under consideration here for whieh he could find no reason 


for the increase in tae amplliude of vioration. 
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AMPLE CALCULATIONS 
First, to obtain values for the elastic constant of the 
eantilever springs, the following values were read directly from 
eurve sheet 4: 
fo (force) = 180 lbs. dp (deflection) = .198 inch 
f,; (foree) = JO lbs. ¢@) (deflection) 2 ,007 inch 
aifference = 170 lba. difference 029) inch 


Therefore ko "if = 890 lbe. per inch 


i 


cu 
@ 


In a similar manner the elastic constant for other lengths of 
the cantilever springs ané for the shaft were computed. 

Points for the theoretical curves of curve sheets 1 and 2 
were Obtained by substituting the experimental values of K 
and a series of arbitrary values of M into equation 9 which 
was derived in the “" lerivation Of Equations". 

Thus k, 2 106.6 kp = 890 ik « ag = 8.39 


Substituting this value of K and B&B ~ .1 into equation 9, 
Wye \[e(1.100 + .839) + Vi-2i0 + .072 + 1.678) 

21.135 or .O) = (plotted on curve sheet 1) 
The experimentai data gave the following values from which 


an experimental point for curve sheet 1 is obtained, 


Mm © 0192 mo = 205 Mw 2.0192 = .0934 
oe 


We 820 or 565 (from curve cheet 5) 
Wp: 740 (from eurve sheet 5) 


W #1.11 or .765 (plotted on curve sheet 1) 
uy 


peorwes ) aver og | 
Be! to éretpoes 5) ese get er aeyes alee oo sey 
wee choerith beet emer erect gnleeliel al! pila 
(* (oe 
ot SR. (ieee tial) @ wall OR ew jemi 
fies Whip » \emireee) oo anh Sh = Newer) _ 
jenk aa» ecapme TRS eye 
o0ek Me EE DW o he Ge =~ 
Se writpmel qenite el Peelhawy plinute at) tonmes tolials 2 
-tolemmen were sleck  vot Se Omfwce | 
t tee | tte oom & terme Ucliewedd al! wl clanit 
Te DAALeY Chane eee OME ESTENDEEDS we Uae VET 
Wiles < pitheee vel < ts qaaiey Yollide S meters tey” 
. elie & woleweivel * au? wf Sevived wee 

es a" wie oO TW © oer 
















yO while Bde 4. - Oa 8 TO eer wll flee 
: + qe. toms) ae 
(i sb ore ob lediedgs 6G. te de 
RLS GS tmeoet Detewiwt a wes bee Heemelegre ee . 
Le ee Ee noe eT Moe denne tee ae 
8. © er © ~~ eee 





(7 Jet were seed!) FOE oe Of & Gi 
(* Seece ort ees) OFT eh 
if Cape erae ap eseahy) OM. @ 1h tes 


24 


The dimensionleas coefficient of friction, Y, is given 
by the Pollowing exvression: 


Y sz Lomb; /h- & Log.h hr 
——- 


=“ 
it 


20 = 2 


Ww mad 

b&b - envefficlent of vyigeoug Grecing force 

Ry fs oy = @iccessive amplitucea of free vabrevion as 

shown on figure 6 

Shue the value of Y for the rotor when iy S eCl1lS ie com- 
puted below. 

h, = 46 inch hy = o421neh 

h,/h, # 1.142 Log, 1.142 = 01327 


Ys 01327/3 1416 7 0422 
Values of Y for the rotor with a different value of m, 
and for the cantilever springs at the various lencths were 


similarly computed. 


ff, 
hy " e : hz 
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DATA 
Values of r.nem. and corresponding emplitude of vibration 
of the rotor. Amplitudes ore reeorded in fracticns of an inch. 


cantilever Springs 2'-O0" Long 


my = 20292 
Fixed Base Free Base 

Yr.Deme. amplitude PeDeMe aamplitude 
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Cantilever Springs 2'-0" Long 


amplitude 


m 2 29116 
Fixed Base 
rePeM. 
200 0024 
320 0024 
400 «0060 
AAS 0060 
475 «0160 
485 ©9120 
930 0043 
600 0012 
675 0012 
750 e012 
810 0150 
S35 20360 
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1000 0096 
1150 0036 
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YP eDeMe 
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300 09048 
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Cantilever Springs 1°-7" Long 


Mm, = .0192 
Fixed Base 
PeDoMe 

180 0024 
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300 0036 
395 0152 
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740 o 3950 
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900 0048 
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1030 00453 
1120 9036 
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Free Base 
PeDeM. 
200 » 0036 
300 20046 
375 007? 
455 «0096 
520 0192 
550 20360 
565 21290 
605 20320 
640 20054 
630 0072 
T19 0240 
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1150 0048 
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Cantilever Springs 1'~-7" 
My bg 20115 
Fixed Bage Free Base 
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FAO 20120 820 20084 
780 0144 880 QOL 44 
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860 0480 970 03230 
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DATA 


Values of Y found experimentally. 


(Y s# dimensionless coefficient of damping) 


Gantilever springs Value of Y 
1 foot 7 inches long ©0915 
2 feet 0 inches long 29633 
Rotor 

Mm = 0116 0422 
Mm = 0192 | 0294 
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